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Abstract
When comparing how well diﬀerent algorithms forecast time series,
|x − y|
researchers use an average value of the ratio
, known as the
(|x| + |y|)/2
Symmetric Mean Absolute Percentage Error (SMAPE). In this paper, we
provide a system-motivated explanation for this formula. We also explain
how this formula explains the use of geometric mean to combine diﬀerent
forecasts.

1

Introduction: What Is SMAPE

Forecasting is important. One of the main problems of science is predicting
(forecasting) future events: we need to predict tomorrow’s weather, we need to
predict future locations of celestial bodies, we would like to be able to predict
earthquakes, etc.
An important particular case of this problem is forecasting time series, when
we use the previous values of a physical quantity to predict its future values;
see, e.g., [2, 4, 5, 6, 7, 8, 9, 10, 11].
Need to compare forecasting methods. Many researchers are working on
time series forecasting. There are many software packages for forecasting, there
1

are regular competitions whose aim is to decide which packages forecast better.
How do we make this decision?
How to compare: general idea. In forecasting competitions, we deal with
the sequentially measured values x(t) of some physical quantity. For each time
series, all the competing packages take the initial part x(1), . . . , x(t0 ) of the
resulting time series as an input, and produce predictions y(t0 + 1), y(t0 + 2), . . .
for the future values x(t0 + 1), x(t0 + 2), . . .
We then select a measure of similarity s(x, y) and use the sum
∑
s(x(t0 + k), y(t0 + k))
k

to gauge the forecasting quality. The sum of the sums corresponding to diﬀerent
time series is then used to gauge the quality of a forecasting algorithm.
Selecting measure of similarity. Which measure of similarity s(x, y) should
we select?
Historically first choice: least squares. The ﬁrst forecasting competitions
used the expression s(x, y) = (x − y)2 for which the resulting sum
∑
∑
(x(t0 + k) − y(t0 + k))2
s(x(t0 + k), y(t0 + k)) =
k

k

corresponds to the usual least-squares accuracy measure.
Limitation of least squares. The problem with this measure is that diﬀerent
time series have diﬀerent numerical scales. As a result, the overall performance
measure was almost completely determined by a few time series with the largest
values of x(t) – for which the diﬀerences x − y are the largest; see, e.g., [10].
From absolute to relative approximation errors: a way to avoid the
above limitation. The original similarity measure s(x, y) = (x − y)2 corresponds to the absolute approximation error |x − y|: s(x, y) = |x − y|2 . To avoid
this dependence on scale, researchers proposed to use scale-invariant character|x − y|
istics such as the relative approximation error s(x, y) =
.
|x|
Limitation of the relative error. The problem with the relative error is
that for a possible case when the actually measured value x is 0, this measure
becomes inﬁnite – and thus, the sum characterizing each forecasting method
becomes inﬁnite – which is useless for comparison; see, e.g., [10].
Enter SMAPE. To avoid the above problem, researchers have proposed to
modify relative error, by replacing |x| in the denominator with an arithmetic
average. The resulting similarity measure
s(x, y) =

|x − y|
(|x| + |y|)/2

2

(1)

is known as the Symmetric Mean Absolute Performance Error (SMAPE, for
short).
This is the main similarity measure used in the time series forecasting competitions.
Natural question. A natural question is: why divide by arithmetic average? Why, e.g., not by max(|x|, |y|)? Why not by some other similar function?
All these functions would retain scale-invariance and avoid inﬁnities, so why
SMAPE?
What we do in this paper. In this paper, we show that for non-negative
values, the idea of relative error naturally leads to SMAPE. This explains – at
least for non-negative values – why SMAPE is eﬃciently used.
We also explain how SMAPE leads to the fact that geometric-mean combination of diﬀerent forecasts sometimes results in a better forecast; see, e.g., [3].
After that, we analyze similar problems and describe corresponding similarity measures.

2

Why SMAPE: A System-Motivated Explanation

Analysis of measurement and approximation accuracy: an important
part of systems approach. Our objective is to gauge approximation accuracy.
In general, taking into account measurement and approximation accuracy is an
important aspect of the system approach; see, e.g., [1]. It is therefore reasonable
to use this approach as a motivation in our search for an explanation of why
SMAPE is used.
In the traditional analysis of measurement and approximation errors, usually
two types of errors are considered:
• absolute errors, i.e., errors whose bound δ does not depend on the actual
value v of the measured quantity, and
• relative errors, i.e., errors whose bound growth linearly with the actual
value v of the measured quantity, as ε · v.
Let us use this distinction when analyzing our problem.
Relative error: towards a formal definition. Let us assume that the actual
value of some quantity is v, and let ε > 0 by a real number. We say that an
estimate x for v is accurate with relative accuracy ε if v · (1 − ε) ≤ x ≤ v · (1 + ε).
In precise terms, this can be described as follows.
Definition 1. We say that a number x approximates a number v with relative
accuracy ε ≥ 0 if v · (1 − ε) ≤ x ≤ v · (1 + ε).
Analysis of the problem. For each moment t, we have two approximate
numbers corresponding to this moment of time:
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• the value x(t) resulting from the measurement, and
• the value y(t) resulting from the forecast.
Both values are approximations to the actual (unknown) value of the corresponding quantity at this moment of time:
• the measurement result is approximate since measurements are never absolutely accurate, and
• the forecasting result is approximate since forecasting is never absolutely
accurate.
It is therefore reasonable to gauge the closeness of two estimates x and y
as the smallest ε ≥ 0 for which both estimates approximate some value v with
relative accuracy ε.
Definition 2. By the relative measure of similarity R(x, y) between two nonnegative real numbers x and y, we mean the smallest possible ε ≥ 0 for which
both x and y approximate some real number v with relative accuracy ε.
Proposition 1. R(x, y) =

|x − y|
.
x+y

Comment. This result explains the SMAPE formula.
Proof. Without losing generality, let us assume that x ≤ y. We want to ﬁnd
the smallest ε ≥ 0 for which there exists a v whom both x and y approximate
with this relative accuracy, i.e., for which the following two double inequalities
are consistent:
v · (1 − ε) ≤ x ≤ v · (1 + ε);
(2a)
v · (1 − ε) ≤ y ≤ v · (1 + ε).

(2b)

The desired smallest value ε is always smaller than or equal to 1, since for
ε = 1, we can take v = y. Thus, ε ≤ 1 and 1 − ε ≥ 0.
Dividing both sides of the inequality v · (1 − ε) ≤ x by 1 − ε, we transx
form it into an equivalent form v ≤
. Similarly, all inequalities (2) can be
1−ε
equivalently transformed into inequalities directly binding v:
v≤

x
;
1−ε

x
≤ v;
1+ε
y
v≤
;
1−ε
y
≤ v.
1+ε
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(3aa)
(3ab)
(3ba)
(3bb)

Since x ≤ y, the inequality (3ba) follows from (3aa), and the inequality (3ab)
follows from (3bb). Thus, for all four inequalities to be satisﬁed, it is suﬃcient
that the inequalities (3aa) and (3bb) be satisﬁed, i.e., that
y
x
≤v≤
.
1+ε
1−ε

(4)

In other words, we have a lower bound and an upper bound for the desired
value v. The existence of such v is equivalent to the fact that the lower bound
is smaller than or equal to the upper bound, i.e., that
y
x
≤
.
1+ε
1−ε

(5)

Multiplying both sides of this inequality by 1 + ε and 1 − ε > 0, we get an
equivalent inequality
y · (1 − ε) ≤ x · (1 + ε),
(6)
i.e.,
y − ε · y ≤ x + ε · x.

(7)

By moving all the terms containing ε to the right-hand side and all other terms
to the left-hand side, we get
y − x ≤ (x + y) · ε.

(8)

Dividing both sides of the inequality (8) by y+x, we get an equivalent inequality
y−x
≤ ε.
x+y
The smallest value ε that satisﬁes this inequality is ε =

(9)
y−x
.
x+y

The proposition is proven.

3

Why Geometric Mean? A SMAPE-Based Explanation

Empirical fact. If we have several diﬀerent forecasts, then combining them can
lead to a better forecast. Often, the most accurate combination is a geometric
mean.
In this section, we use SMAPE to explain this empirical fact.
Formulation of the problem. Suppose that we have two values x and y, we
need to replace both with a single estimate z. According to the the SMAPE
approach, we must select z for which the sum
s(x, z) + s(y, z) =

5

|x − z| |y − z|
+
x+z
y+z

(10)

is the smallest possible.
Proposition 2. For every x and y, the smallest possible value of the sum (10)
√
is attained when z = x · y.
Comment. This result explains the use of geometric mean.
Proof. One can check that the minimum is attained when z is between x
and y: otherwise we can move z closer to the interval and decrease the sum.
Without losing generality, we can assume that x ≤ y. Under this assumption,
the expression (10) takes the form
z−x y−z
+
.
x+z
y+z

(11)

Diﬀerentiating this expression with respect to z and equating this derivative to
0, we get
1 · (z + x) − 1 · (z − x) (−1) · (y + z) − 1 · (y − z)
+
= 0,
(x + z)2
(y + z)2

(12)

2x
2y
=
.
2
(x + z)
(y + z)2

(13)

i.e.,

Multiplying both sides by both denominators and dividing both sides by 2, we
conclude that
x · (y + z)2 = y · (x + z)2 ,
(14)
i.e., opening the parentheses,
x · y 2 + 2 · x · y · z + x · z 2 = y · x2 + 2 · y · x · z + y · z 2 .

(15)

If we cancel equal terms in both sides, move terms proportional to z 2 to the
right-hand side and all other terms to the left-hand side, we get
x · y 2 − y · x2 = z 2 · (y − x).

(16)

Here, x · y 2 − y · x2 = x · y · (y − x). Dividing both sides of the equality (16) by
√
y − x, we get x · y = z 2 , i.e., z = x · y, which is exactly the geometric average.
The proposition is proven.

4
4.1

Beyond SMAPE: What Happens in Similar
Situations
What if we use absolute errors instead of relative errors?

Natural question. The ﬁrst natural question is: what happens if we use
absolute approximation errors instead of relative ones? Let us formulate this
problem in precise terms.
6

Definition 3. We say that a number x approximates a number v with absolute
accuracy δ ≥ 0 if v − ε ≤ x ≤ v + δ.
Definition 4. By the absolute measure of similarity A(x, y) between two real
numbers x and y, we mean the smallest possible δ ≥ 0 for which both x and y
approximate some real number v with absolute accuracy δ.
Proposition 3. A(x, y) =

|x − y|
.
2

Proof. Without losing generality, let us assume that x ≤ y. We want to ﬁnd
the smallest δ ≥ 0 for which there exists a v whom both x and y approximate
with this absolute accuracy, i.e., for which the following two double inequalities
are consistent:
v − δ ≤ x ≤ v + δ;
(17a)
v − δ ≤ y ≤ v + δ.

(17b)

Moving δ to the other side of the inequality v − δ ≤ x, we transform it into an
equivalent form v ≤ x + δ. Similarly, all inequalities (10) can be equivalently
transformed into inequalities directly binding v:
v ≤ x + δ;

(18aa)

x − δ ≤ v;

(18ab)

v ≤ y + δ;

(18ba)

y − δ ≤ v.

(18bb)

Since x ≤ y, the inequality (18ba) follows from (18aa), and the inequality (18ab)
follows from (18bb). Thus, for all four inequalities to be satisﬁed, it is suﬃcient
that the inequalities (18aa) and (18bb) be satisﬁed, i.e., that
y + δ ≤ v ≤ x + δ.

(19)

Here, we have a lower bound and an upper bound for the desired value v. The
existence of such v is equivalent to the fact that the lower bound is smaller than
or equal to the upper bound, i.e., that
y − δ ≤ x + δ.

(20)

By moving all the terms containing δ to the right-hand side and all other terms
to the left-hand side, we get
y − x ≤ 2δ.
(21)
Dividing both sides of the inequality (21) by 2, we get an equivalent inequality
y−x
≤ δ.
2
The smallest value δ that satisﬁes this inequality is δ =
The proposition is proven.
7

(22)
y−x
.
2

4.2

What if we have both relative and absolute errors

Question. What if we have both relative and absolute errors, with the absolute
errors bounded by some constant δ > 0? In this case, we have the following
result.
Definition 5. We say that a number x approximates a number v with relative
accuracy ε ≥ 0 and absolute accuracy δ > 0 if
v · (1 − ε) − δ ≤ x ≤ v · (1 + ε) + δ.

(23)

Analysis of the problem. According to Proposition 3, when |x − y| ≤ 2δ,
there is no need to invoke relative error: the diﬀerence between x and y can be
explained by using only the absolute error of given size. When |x − y| > 2δ,
this explanation is no longer possible, so we need to invoke relative error ε > 0
as well. It is reasonable to select the representation with the smallest possible
relative error ε > 0.
Definition 6. For each δ > 0, by the δ-relative measure of similarity Rδ (x, y)
between two non-negative real numbers x and y, we mean the smallest possible
ε ≥ 0 for which both x and y approximate some real number v with relative
accuracy ε and absolute accuracy δ > 0.
Proposition 4. Rδ (x, y) =

max(|x − y| − 2δ, 0)
.
x+y

Proof. Without losing generality, let us assume that x < y, so y − x > 2δ. We
want to ﬁnd the smallest ε ≥ 0 for which there exists a v whom both x and y
approximate with this relative accuracy and absolute accuracy δ, i.e., for which
the following two double inequalities are consistent:
v · (1 − ε) − δ ≤ x ≤ v · (1 + ε) + δ;

(24a)

v · (1 − ε) − δ ≤ y ≤ v · (1 + ε) + δ.

(24b)

Moving δ to the right-hand side of the inequality v · (1 − ε) − δ ≤ x and dividing
both sides of the resulting inequality v·(1−ε) ≤ x+δ by 1−ε, we transform it into
x+δ
an equivalent form v ≤
. Similarly, all inequalities (2) can be equivalently
1−ε
transformed into inequalities directly binding v:
v≤

x+δ
;
1−ε

x−δ
≤ v;
1+ε
y+δ
v≤
;
1−ε
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(25aa)
(25ab)
(25ba)

y−δ
≤ v.
(25bb)
1+ε
Since x ≤ y, the inequality (25ba) follows from (25aa), and the inequality (25ab)
follows from (25bb). Thus, for all four inequalities to be satisﬁed, it is suﬃcient
that the inequalities (25aa) and (25bb) be satisﬁed, i.e., that
x+δ
y−δ
≤v≤
.
1+ε
1−ε

(26)

We have a lower bound and an upper bound for the desired value v. The
existence of such v is equivalent to the fact that the lower bound is smaller than
or equal to the upper bound, i.e., that
y−δ
x+δ
≤
.
1+ε
1−ε

(27)

The desired smallest value ε is always smaller than or equal to 1, since for
ε = 1, we can take v = y. Thus, ε ≤ 1 and 1 − ε ≥ 0.
Multiplying both sides of this inequality by 1 + ε and 1 − ε, we get an
equivalent inequality
(y − δ) · (1 − ε) ≤ (x + δ) · (1 + ε),

(28)

(y − δ) − ε · (y − δ) ≤ (x + δ) + ε · (x + δ).

(29)

i.e.,
By moving all the terms containing ε to the right-hand side and all other terms
to the left-hand side, we get
y − x − 2δ ≤ (x + y) · ε.

(30)

Dividing both sides of the inequality (30) by y+x, we get an equivalent inequality
y − x − 2δ
≤ ε.
x+y
The smallest value ε that satisﬁes this inequality is ε =

(31)
y − x − 2δ
.
x+y

The proposition is proven.

4.3

What if relative error is fixed and we minimize absolute errors

Question. What if we ﬁx the relative error, at some ε > 0, and look for the
smallest possible absolute error?
Definition 7. For each ε > 0, by the ε-absolute measure of similarity Aε (x, y)
between two non-negative real numbers x and y, we mean the smallest possible
δ ≥ 0 for which both x and y approximate some real number v with relative
accuracy ε and absolute accuracy δ.
9

1
· max(|x − y| − ε · (x + y), 0).
2
Proof. Without losing generality, let us assume that x ≤ y, and R(x, y) > ε,
i.e., the diﬀerence between x and y cannot be explained by just a relative error
ε. We want to ﬁnd the smallest δ ≥ 0 for which there exists a v whom both x
and y approximate with given relative accuracy ε and absolute accuracy δ, i.e.,
for which the double inequalities (24) are consistent.
We have already shown, in the proof of Proposition 4, that the existence of
such v is equivalent to the inequality
Proposition 5. Aε (x, y) =

(y − δ) − ε · (y − δ) ≤ (x + δ) + ε · (x + δ).

(29)

By moving all the terms containing δ to the right-hand side and all other terms
to the left-hand side, we get
y − x − (x + y) · ε ≤ 2δ.

(33)

Dividing both sides of the inequality (33) by 2, we get an equivalent inequality
1
· (y − x − (x + y) · ε) ≤ δ.
2

(34)

1
The smallest value δ that satisﬁes this inequality is ·max(|x−y|−ε·(x+y), 0).
2
The proposition is proven.
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